ABSTRACT This paper proposes a framework for a robot system to actively evaluate its realizability for a specific task based on its representation space. The representation space (R-space) of a robot system could be constructed to describe the distributions of system attributes (called representation), whose transitions reflect the process of task realization. All factors blocking transitions of the system representation, hence the task realization, including physical configurations of the robot system and environmental constraints, are defined as unreachable areas in the R-space, specifying the limitation of the system's capability to execute the prescribed task. The reachable area in the R-space, showing the representations that the robot system could be of, is figured out to formalize the criteria for task realizability. The potential optimal scheme to accomplish a realizable task can further be recognized from the shortest path that the robot representation transits along. Otherwise, causes for unrealizable tasks are investigated to suggest clues for transforming the tasks to be realizable ones. Meanwhile, conditions and the total cost to fix unrealizable tasks are compared to make out the best strategy under the given cost index, if there is more than one scheme. The proposed framework is applied to the typical task of path planning for a robot manipulator and parking task of a mobile robot to show its effectiveness as well as its performance.
I. INTRODUCTION
One of the constructive goals of robotics is to enable a robot to actively and autonomously achieve various tasks without frequent human intervention [1] . Most of the robot systems are generally designed for specific applications, such as industrial productions, environmental monitoring or entertainment, etc..When a robot is allocated a specific task, it implies that the task is realizable by the robot available with particular configurations of sensor and actuation. Limited by internal configurations and external constraints, any robots are not so universal in its capability that they can only accomplish a set of specified tasks. With increasingly complex tasks and variable environments, it is getting more and more difficult to describe all factors that may affect task realization process for a robot. This means a robot may frequently not be able to realize a prescribed task with limited sensing and actuation, and/or due to dynamic and unpredictable environmental dynamics. Hence, it is more practical and efficient to
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evaluate if a robot of specific configurations could complete an assigned task prior to task planning. Furthermore, it is also desirable to see if an unrealizable task to the available robot could be transformed to be a realizable one by adjusting any conditions with acceptable costs.
Robot manipulator, as the most traditional type of robot system, has accumulated the widest range of applications since 1960s [2] . Limited translations or rotations could only be executed by the manipulator with limited number of joints in its limited range of degree-of-freedoms. This is so-called physical constraints of a robot manipulator system. On the other hand, constraints in robotic physical space, no matter static or dynamic, may prevents the manipulator from moving freely [3] . Generally, path planning of a robot system is either realized in the affiliated configuration space [4] - [6] or workspace [7] - [10] . The concept of configuration enables investigations of different motion planning task by differently configured robots in a unified framework, while the workspace is described as the set of all possible actions the robot can realize [11] . There have been much work on evaluating the feasibility of robot motion planning based on workspace [12] - [14] . A feasible motion planning exists for a robot manipulator only if the planned trajectory lies entirely in its workspace [12] . The feasibility analysis was conducted by evaluations of a set of algebraic equations supposing the workspace description is simple enough geometrically. However, this scheme becomes inapplicable if joint limits of a robot system are taken into account.
For most wheeled mobile robots (WMRs), the kinematic constraints are nonholonomic, which impose huge difficulty in controlling and analyzing the whole system [15] , [16] . Taking account of inertia and power limits of actuators, as well as obstacles in physical space, the movability of WMRs is constrained to a great extent. Yamamoto et al. propose a real-time optimization method based on receding horizon control which satisfies nonholonomic kinematic constraints for WMRs [17] . Kahoul et al propose a stochastic trajectory planning method considering static obstacles in [18] . Nevertheless, these methods are only applicable when the parking tasks are realizable. Moreover, research on path planning of a manipulator and motion planning of a WMR have separately been conducted with different schemes, which imposes essential difficulties on coordinations of operation manipulator and mobile agent due to lack of a unified framework.
R-space-based method has been proposed to deal with the evaluations of the realizability for a prescribed task before it is truly executed [19] - [21] . Efficiency in recognizing optimal realization procedures is also validated for different tasks [22] , [23] . However, more emphasis is located on recognizing optimal schemes for realizable tasks instead of fixing unrealizable tasks. This issue is to be deeply investigated in this paper. Framework on transforming an unrealizable task into a realizable one is discussed based on R-space. A general procedure of identifying causes for unrealizable tasks is first discussed to provide technical implications to transform unrealizable tasks into realizable ones. Critical factors and costs of transforming unrealizable tasks can be reached to work out the most energy-efficient strategy.
The remainder of this paper is organized as follows. Realizability by a robot system of specific configurations to a prescribed task is discussed in Section II in the framework of the R-space. Applications on trajectory planning of a robot manipulator and parking task of a mobile robot are respectively demonstrated in Sections III and IV to show the capacity of R-space, followed by Conclusions in Section V.
II. TASK REALIZABILITY BASED ON R-SPACE
When accomplishing any task, physical representations and attributes of a robot system involved in task execution varies continuously from the beginning of the task to the end. Meanwhile, environmental presences may also be changed due to the robotic manipulations to realize the task, which accumulatively reflect the realization procedure of the specific task. Practically, R-space could be constructed with reduced dimensions by physical attributes of the system coupled with the robot representations and the task realizations, including positions and poses of the robot systems as well as factors featuring environment. More task-relevant capabilities of the robot systems, including repeatability, accuracy, and sensing modalities, etc. could be formulated possibly by involving more irrelevant R-spaces. The procedure of a task realization could thus be transformed to a process of the system representation transition in its affiliated R-space.
A. CRITERIA FOR REALIZABLE TASKS
If there are m variables describing the task realization by a robot of specific configurations, a m dimensional representation space can be constructed as:
where x i (i = 1, 2, . . . , m) are configurations or Cartesian parameters and x imin ≤ x i ≤ x imax . The start and goal representations of the robot for the task executed could be specified by:
Generally speaking, there are three kinds of system constraints: physical constraints, obstacle constraints and task constraints. Physical constraints stand for mechanical restrictions such as limitations of joint motions. Obstacle constraints are from working environment, caused by obstacles in physical space which may block robots' movement. Most often, a particular task could also impose constraints on robot motion planning, such as energy or time consumed, which are referred as task constraints. These constraints could be depicted as the unreachable areas in the R-space, which is denoted as R obs . The remaining areas in R-space, denoted as R free , describes the reachable areas for system representations during the process of task executions. An example of a 2-D R-space is shown in Fig.1 . A task is evaluated to be realizable if both the start representation X S and the goal one X G are locating inside the reachable area of the R-space. Meanwhile, a path P connecting X S and X G exists inside R free , denoting transitions of the representation of the robot to conduct the particular task:
where X i is one of a series of mid-points located in the representation transit trajectory from X S to X G .
B. FACTORS FIGURING FOR UNREALIZABLE TASKS
A task is unaccomplishable if either condition in (3) is destroyed. Under this condition, factors that affect the realizability of the prescribed task should hence recognized. More importantly, strategies may further be recognized and evaluated by finding possible solutions for (3) with acceptable costs to transform an unrealizable task to a realizable one. It is straightforward to remove constraints one by one until a realization strategy can eventually be located.
From Fig.1 , we can see that there is no path in R free connecting X S and X G since the starting representation X S lies in R obs . When the obstacle constraints are removed, the updated R-space is shown in Fig.2 . The location of X S changes to be in the reachable area. However, X S and X G are still not connectable. The R-space of the robot to conduct the task is updated and shown in Fig. 3 after removing both obstacle and physical constraints. It is easy to see that the initial and goal representations can now be connected. Therefore, it can be seen that the unrealizability of the task is caused by both the obstacle and the physical constraints. 
C. REALIZABILITY TRANSFORMATION OF THE UNREALIZABLE TASKS
Inherent reasons for a task to be unrealizable by a robot of specific configurations are gradually recognized by step-bystep removing constraints in its affiliated R-space. However, this is not a general solution to fix unrealizable tasks. Practically, it might be more convincible to release any constraints with new degrees-of-freedom. Task realizability of a reconfigured robot to execute a newly-defined task could thus be explored in the updated R-space with the new dimension x new :
The corresponding starting and goal representations are ξ S and ξ G , respectively.
The R-space is grided with a set of discretized parameters [21] , [22] and the optimal path between ξ S and ξ G is searched by A* algorithm in the discretized R-space [24] .
Here is an example for the cost function of A*:
where
In (7), g(n) represents the cost from the starting node to the node n and h(n) is the cost from the node n to the final one. Note that there are certainly different kinds of motion freedoms for a robot system to impose, reflecting different strategies to transfer an unrealizable task to be a realizable one.
III. PATH PLANNING OF A ROBOT MANIPULATOR A. MANIPULATOR KINEMATICS
R-space is first used to explore the realizability of a 2-link robot manipulator (shown in Fig.4 ) executing different tasks. L 1 and L 2 are respectively the lengths of link 1 and link 2. θ 1 and θ 2 are respectively the rotation angles of two joints. Given joint angles θ 1 and θ 2 , coordinates of the end-effector (x, y) can completely be described by the forward kinematics: 
B. R-SPACE
The position and orientation of a 2-link manipulator can be defined by its joint angles (θ 1 , θ 2 ). Therefore, dimensions of the R-space of the robot manipulator in Fig.4 can thus be specified as
Note that the R-space can be updated if the degrees-offreedom of the manipulator is re-configured. For instance, if the base of the manipulator is moveable, degrees-offreedom describing the motions of the base should be added as new dimensions in the updated R-space. Normally, once the robot manipulator is re-configured, the R-space should be updated to include all representations critical to the realizations of the given task. From the task realization point of view, capability of a robot manipulator and factors from its surroundings can be viewed as a whole. Therefore, dimensions for describing the environment information can also be included in the affiliated R-space when needed.
C. SINGLE OBSTACLE
The proposed R-space framework is employed to find a feasible path for a robot manipulator to avoid a ball obstacle when moving in its workspace. The task is transformed to be realizable first by trial and test scheme, and then by re-construction of the affiliated R-space. . Sampling intervals of θ 1 and θ 2 are respectively I 1 = 1 • and I 2 = 2 • . The affiliated R-space is gridded in R 2 with the predefined sampling intervals. Each cell is labeled as reachable or unreachable one by computing whether the cell leads to collision with the obstacle, as shown in Fig.6 , in which black area is unreachable for the system representation. Obviously, the starting and goal representations q S and q G both lie in reachable areas. However, no connecting path could be found between q S and q G . Hence, this task is unrealizable by the robot of this configuration.
Since the black area is formed from the obstacle, it is intuitive to first move the spatial position of the obstacle to change the realizability of the task. When the obstacle shifts from (0.3, 0.6) to (0.5, 0.6), the updated R-space is shown in Fig.7 , showing that the reachable areas in the updated R-space is enlarged with this scheme. But the task remains unrealizable since no connecting path can be found from q S and q G . When the obstacle is moved to the position of (0.6, 0.8), Fig.8 shows the affilated R-space. A path could now be found connecting the start and goal representations, which means that the task is realizable. Furthermore, the optimal scheme is possibly obtained for the representation of the robot to transfer in it R-space, by, e.g., minimizing the length of the VOLUME 7, 2019 representation corresponding to task realization ( Fig. 8) :
where n is the number of points along the optimal path for representation variations. In this case, the optimal trajectory for the end-effector is of the following cost:
2 ) 2 = 143.25. (11) which corresponds to the task realization procedure shown in Fig.9 . Alternatively, the task could also be changed its realizability by shrinking the obstacle's size. The resultant R-space for the robot system to conduct the task is shown in Fig.10 after the size of the ball is changed from radius 0.2m to 0.1m. No connecting path could be found due to the safe distance considered in the path searching. But it also shows that the reachable areas is enlarged (the unreachable areas are reduced) compared with that of Fig. 6 and Fig. 7 , which means this kind of strategy is effective to fitness of task realization. When the radius of the ball further shrinks to 0.06, the optimal path could be obtained, see Fig.11 . The corresponding trajectories for the position change of the end-effector and joint angle variations to realize the task are shown in Fig.12 . The total cost of the optimal path is computed:
2 ) 2 = 162.91. (12) FIGURE 11. R-space when the obstacle is with radius 0.06.
FIGURE 12.
The trajectories of joints and end-effector in physical space.
Comparing Eq. 11 and Eq. 12, we can see that J 1 < J 2 . This means the first strategy is better than the second one under the given cost index. However, since we use the trial and test scheme to fix the realizability of a task, it is not straightforward to recognize clues to transform the task successfully. Specifically, it is still not clear how to relocate the obstacle to change a specific extent of task realizability. This issue could further be investigated by integrating the obstacle distribution in the R-space.
Firstly, the ball obstacle is assumed to be relocated along the horizontal axis. Suppose c x ∈ [−1.2, 1.2], where c x stands for the x coordinate of the obstacle center. The R-space with the new dimension (parameter) can be written as: The start and goal representations are respectively ξ S = (120 • , 30 • , 0.3) and ξ G = (15 • , 30 • , 0.3). The R-space is shown in Fig.13 , in which the optimal path connecting ξ S and ξ G is found. Thus, the minimum range of c x can be obtained from the optimal path. In this case, c x ∈ [0.3, 1.08]. Since moving the obstacle is energy consuming, the cost function takes the following forms:
Secondly, the obstacle is assumed to move along the vertical axis. Similarly, range of the y coordinate of the obstacle center is set as c y ∈ [−1.2, 1.2]. The R-space is: θ 2 , c y ) .
(15) 
Here, the position of the obstacle ball has been incorporated in the affiliated R-space as a new dimension and an extended parameter defining the realizability of the specific task. Transformation of a task from unrealizable to realizable one has successfully been conducted. To figure out the optimal, eg., the most energy-efficient strategy, to fulfill the task, two more strategies are proposed on the condition that the manipulator base is movable. Suppose the manipulator is able to move along the horizontal axis. The corresponding R-space is updated with an additional dimension b x , which represents the x coordinate of the manipulator base. We have b x ∈ [−1, 1] initially. The R-space is denoted as:
The starting and goal representations are ζ S = (120 • , 30 • , 0) and ζ G = (15 • , 30 • , 0), respectively. Trajectory planning for system representation is shown in Fig.15 . The feasible range of b x for the task to be realizable is [−0.82, 0]. The cost could be computed by: Similarly, the R-space could be re-written as follows if the manipulator is enable to move along the vertical axis: 
By comparing costs of different strategies denoted in (14) , (16), (18) and (20), we have J 4 < J 6 < J 3 < J 5 . On one hand, it is more energy-efficient to fix the task through relocating the obstacle than the manipulator base. On the other hand, fixing the task by adjusting the obstacle location or the manipulator base in the vertical direction outweighs those of the horizontal direction.
D. MULTIPLE OBSTACLES
Realizability of a path planning task in cluttered environment is of more interest in practice. For a given task, different obstacles may affect the task feasibility variously. In order to fix an unrealizable task, it is necessary to identify which obstacle prevents the task from being accomplished.
The manipulator and its physical space is shown in Fig.17 . The length of each link is 0.5m, and the coordinates of the manipulator base is (1, 1) . Two circular obstacles are scattered in the environment. One obstacle with radius of 0.2m is centered at (1.3, 1.66) , and the other with radius 0.15m is centered at (0.7, 1.4). Scopes for robot joint angles are 0 ≤ θ 1 ≤ π and 0 ≤ θ 2 < 2π , respectively. The manipulator is assigned with three path planning tasks shown in Table 1 . 
1) TASK 1
The R-space is constructed with joint angles θ 1 and θ 2 , the same as (11) . The initial and final representations of the robot system for Task 1 are q S 1 = (30 • , 30 • ) and q G 1 = (90 • , 30 • ), respectively. It is easy to see in Fig. 18 that there is no connecting path between q S 1 and q S 2 . In order to figure out which obstacle prevents the Task from being completed, we consider two obstacles separately. Fig.19 shows the R-space when only Obstacle 1 is considered (Similarly, it is easy to obtain the R-space when only considering Obstacle 2). Therefore, we can see that Task 1 is unrealizable due to Obstacle 2. According to the previous discussions, Task 1 might be fixed by relocating Obstacle 2 or augmenting movability of the manipulator base. For convenience, we list the results in Table 2 . The R-space is built with added parameter c 2x , c 2y , b x and b y , where c 2x and c 2y are respectively the x and y coordinates of Obstacle 2, and b x and b y are those of the manipulator base. It is easy to see from Table 2 that fixing Task 1 by relocating Obstacle 2 in the vertical axis (c 2y involved) or augmenting movability of the manipulator base in the vertical direction (b y involved) are equally the most energy-efficient.
2) TASK 2
Similarly, Task 2 is diagnosed as unrealizable because no path can be found between q S 2 = (90 • , 180 • ) and q G 2 = (170 • , 90 • ), which are respectively the initial and final representations of the robot system for Task 2. Obviously, Task 2 is unrealizable due to the presence of the Obstacle 1. Task 2 is fixed by relocating Obstacle 1 or augmenting movability of the manipulator. Evaluations of the two transferring schemes are shown in Table 3 . It is easy to see that relocating Obstacle 1 (c 1y involved) or augmenting the movability of the manipulator base in the vertical axis (b y involved) outweigh the other two strategies.
3) TASK 3
Fig .18 shows that q S 3 = (15 • , 60 • ) and q G 3 = (170 • , 100 • ), which are the initial and final representations of the robot system for Task 3, cannot be connected in the R-space. It also implies that Task 3 is unrealizable due to both obstacles. Fig.20 is the R-space after augmenting movability of the manipulator base in the horizontal axis. The critical condition is that b x ∈ [1, 1.74]. Correspondent cost of fixing Task 3 in this scheme is 191.07. On the other hand, Fig.21 is the R-space when the manipulator base is augmented it movability in the vertical axis. The critical condition is b y ∈ [0.54, 1] and the total cost is 171.14. Obviously, augmenting movability of the manipulator base in the vertical axis is more energy-efficient than that of the horizontal axis. It is easy to see that the proposed R-space based strategy for task realizability evaluation does not rely on the number of the degrees-of-freedom (DOFs) of the robot manipulator. Constructions and dimensions of the affiliated R-space for a robot manipulator only relates to the impacts relevant to conduct a prescribed task, including internal and external factors. In this sense, it might be of similar complexities for affiliating the R-space of a 2-DOF robot manipulator with that of a 6 DOFs manipulator, so long as they are prescribed the same task in the same environment.
IV. PARKING PROBLEM OF A WHEELED MOBILE ROBOT A. SYSTEM KINEMATICS
As shown in Fig.22 , the main part of the Wheeled Mobile Robot (WMR) is a rigid chassis with motorized wheels. There is no slipping between the wheels and the chassis. Moreover, the WMR cannot move sidelong. (x, y) denotes the coordinates of the robot center. θ is the angle between the horizontal axis and the direction of robot movement. v and ω are respectively the linear and angular speeds of the robot. The simplified kinematics can be written as:
B. THE R-SPACE Three different parking tasks are considered, moving from S to G 1 , G 2 and G 3 , respectively, see Fig.23 . As shown in Fig.22, (x, y, θ) specifies the position and orientation of the WMR, which is defined as the configuration of the robot. The WMR is required to move from an initial configuration to a final configuration. Thus, the R-space of the robot can be defined as Subject to various types of constraints, the WMR presents limited capability in task realization which can be analyzed by means of R-space. Reachable area of R-space, which is composed of all the representations the system can be of, provides insights into the robot's ability to accomplish tasks. Hence, unreachable area reflects influences that all the constraints have upon the robot's capability of task realization. The ranges of x, y, θ values are 0 ≤ x ≤ 20m, 0 ≤ y ≤ 8m,
C. OPTIMAL STRATEGIES TO REALIZABLE TASKS
Three parking problems are considered for the WMR to show evaluations of the task realizability in its R-space. The initial and final representations of the WMR are listed in Table 4 . Their correspondent R-spaces are constructed as before, shown in Figs 24, 25, and 26. For Task 1 and Task 2, the start and goal representations of the WMR are both within the reachable area of R-space. Fig.24 shows that a connected trajectory within the reachable area for Task 1. Similarly, Fig.25 presents the connected trajectory for Task 2.
D. SOLUTION TO UNREALIZABLE TASK
As shown in Fig.26 , the goal representation of Task 3 is not within the reachable area of the R-space. Herein, we fix the task by substituting the unreachable goal representation with, e.g., its nearest neighbor representation, i.e., ζ G 4 = (17, 1.2, 90 • ), within the reachable area in its RS. This scheme is intuitively much cheaper than endowing the mobile robot with such as jumping or flying function. Fig.27 shows that a connected path between ζ S and ζ G 4 is found. It is for sure that the task is finally realized with most possibly condensed performance. 
V. CONCLUSION
This paper has proposed a framework to evaluate task realizability based on the affiliated R-space. Consequently, the optimal strategy of task accomplishment could be recognized for a robot systems of specific configurations. Given a robot system with a predefined task, the affiliated R-space is constructed, in which the reachable and unreachable areas defined respectively by internal and external constraints are located, which implies system's ability to accomplish the task. Criteria for evaluating the realizability of a robot system to a specific task are proposed. Scheme for task realization is converted to recognition of the path transition in R-space for its representations. Guidance will be provided to fix unrealizable task, with consequently optimal strategy for realizable task be further derived. The proposed strategy has been verified through tasks on path planning of a robot manipulator and parking of a mobile robot. For the manipulator, path planning tasks under a single obstacle and cluttered environments are evaluated. Three parking problems of the WMR are solved using the proposed framework. Future work includes investigating task realizability with more task-relevant capabilities of the robot systems, including repeatability, accuracy, and sensing modalities, etc.. More systematic way could be explored denoting efficient or even the optimal strategies to change task realizability of a robot system in its affiliated R-space. Besides, considering dynamic constraints is also a tough issue when evaluating task realizability of any robot systems. Furthermore, recognizing and allocating the robot of best efficiency among a group of robots to accomplish a given task is surely of more interest.
